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Abstract: In this paper, we have mathematically analyzed the problem of groundwater flow given by Pavlovsky [1] by the method
of two parameter singular perturbation with variable coefficient. The differential system governing the groundwater flow, yields a
second order linear differential equation in which the coefficient of first and second order derivative consists of small parameter
together with permeability factor. The constant term in the equation also consists a permeability factor. To analyze the problem we
have, here, considered the permeability of the soil as a function of both time and special coordinate. Here, in this paper, we have
discussed the problem for the flow of groundwater flow in heterogeneous porous media on a sloping bedrock.

Index Terms - heterogeneous porous, ground water flow, porous media, singular perturbation.

|I. INTRODUCTION

In this paper, we have mathematically analyzed the problem of groundwater flow by the method of two parameter singular
perturbation with variable coefficient. The differential system governing the groundwater flow, yields-a second order linear differential
equation in which the coefficient of first and second order derivative consists of small parameter together with permeability factor.
The constant term in the equation also consists a permeability factor. To analyze the problem we have, here, considered the
permeability of the soil as a function of both time and special coordinate. Here, in this paper, we have discussed the problem for the
flow of groundwater flow in heterogeneous porous media on a sloping bedrock.

The seepage problem of groundwater in homogeneous soil on slightly inclined bedrock has been discussed by Pavlovsky [1].
He has discussed four different cases, two of these the flow proceeds down the bedrock slope and in the other two it proceeds up the
slope. In this work, we consider the seepage of groundwater down a slopping bedrock in soil which is heterogeneous in vertical
direction. Water, from the head reservoir, flows into adjacent heterogeneous soil standing on the inclined bedrock and after seeping
over considerable distance falls into a trail reservoir. Verma [2] has found that free surface, for seepage in the heterogeneous soil on
an inclined bedrock is represented by an arc of rectangular hyperbola which is contrary to that of free surface found by Pavlovsky for
homogeneous soil. Verma [5] has proved that the free surface for seepage in a two layered soil with an inclined boundary is a falling
surface represented by an arc of rectangular whose concavity is downwards. But, because of our particular interest in analytical results,
we have applied a two-parameter singular perturbation method with variable coefficients. We are particularly interested in determining
the analytical solution by applying the two-parameter singular perturbation method, its convergence and the existence of the solution.

Il. STATEMENT OF THE PROBLEM

Water from the head reservoir flows into adjacent soil which stands on an inclined bedrock and exhibits the heterogeneity in
the vertical direction. After seeping over considerable distance it falls into tail reservoir. Choose a horizontal line at the bottom of the
tail reservoir as the x-axis, a vertical line beside it as z-axis. The inclined boundary is the line z = —mX, where m = tana is the slope.
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I1l. MATHEMATICAL MODELLING AND GOVERNING EQUATIONS

The seepage velocity u is given by Darcy’s law as
dh
u=-K(2) Py (3.2)
Where h is the piezometric (hydraulic) head and K(z) the seepage coefficient of the porous medium which varies with z.
Since the flow of groundwater takes place over considerable distance, the analysis may be based on hydraulic theory. In

hydraulic theory [3] the piezometric head ‘h’ is equal to height of the free surface (if we neglect the atmospheric pressure)

and the flow elements depends on X alone. The flow rate qx is given by

G =—Jy K(2) 52 dz (3.2)

Where z=0 is the foot and z=h, the top of vertical section at a distance X for the g, is measured.

The equation of continuity is for the phenomena is given by,

dax _

— =0 (3.3
From equation (3.3) we have,

g, = Constant = q (3.4

By the work of Polubarinova-Kochina [3] for definiteness, the seepage coefficient of flow region is given by a continuous
linear relationship of the form K(z) = K,(1-4z) where Ko and A are some real constants, then equations (3.2) and (3.4)
give
h
q= —KOZ—;f_mX(l —z)dz (3.5)

Since % is independent of z, performing the integration, we get

q = —Ko T |(h+ mX) — (A/2)(h? — m?X?)| (3.6)
So that
== P(h) + QX + RX? (3.7)
where, P = —";—"lh — (A/2)h?] (3.8)
Q=-"" (3.9)
Ra= _%:"2 (3.10)

Equation (3.7) is the generalized Riccati’s equation. To solve it let

Using (3.11), equation (3.7) reduces to
Q%4 PRE=0 (3.12)

This is a second order differential equation whose solution has been found by applying a two-parameter singular
perturbation technique [4].

We associate an appropriate initial and boundary condition to problem (3.12) as

t(hy) =c atX =0 (i.e.,h = hy)
(3.13)
t(hL)=d atX=XL(i.€.,h=hL)

In the equation (3.12), Verma [2] has considered Q and R as constants. Here, we have considered permeability 'Ko' as
varying factor of soil and therefore, P, Q and R will be variable, in particular P, Q, R will be a function of special coordinate

and time.

. _ h—hg . _ t
Setting x == [ = G tune?

The problem (3.12-3.13) reduced to

(3.14)
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d%f d
i) Hax —POIf =0 (3.15)
f(0) =a, f =8 (3.16)

Where ¢ = q?, a(x) = ko(x,t), 1 =mqH, h = h;, - h,
And  b(x) = 9EOM () [A(H, + o) — 1 Forall x € [0,1],a(x) > 0,b(x) > 0.
Now the flow rate 'q' in the porous medium is very-very small and m=tana., the slope of the bedrock is also sufficient small.

Therefore, we consider € and p, defined above, as a perturbation parameter and hence keeping in mind the definition of a(x)

and b(x), we apply the technique of two parameter singular perturbation method with variable coefficient.

IV. ANALYTIC SOLUTION OF THE PROBLEM
Here, we have considered (e/u?) — 0 as p—0

The auxiliary polynomial equation for (3.15) is

eD?+ua(x)D—b(x) =0 (4.1)
With roots.
£ LICO < b?(x) =1 2
Di(x,u, &) = a0 T2 22 +-| = dl(x, e/u?)
b 2 p2?
D,(6,,8) = =(u/e) |al) + 528 - S 20 4| = —(u/e) dy (x, £/ %)
Now writing

dy (x,8/,2) = Sizgdy; () (/)
s (5,2) = Efa oy e/
Here both d; and d; are positive for (/u?) sufficiently small. Since the root %dl of (4.1) tends to oo as

u—0, we associate with it, a boundary layer at x=1. While we associate a boundary layer at x=0 with root (w/g)dz which
tends to — oo as u—0.

Thus, we set
@) = exp. = [ di (s, e/u?) ds ale, )|+ exp. |=(u/e) [y dals,e/u2)ds fCx, )| (4.2)
Substituting (4.4.2) in (4.3.15) we get,

|eaf" + ZM—Sdla’ + id{a + pa(x)a’ + (izd1 +a(x)d, — b(x))

X exp. |%f1x dy (s, g/HZ)dS|

r+<‘u—:d§ —u—:a(x)dz—b(x)>,8‘

+leB” - 2ud,f' — pd}f + pa(x)p X exp.|—2 [ dy(s,e/u?)ds| = 0 (4.3)

Keeping in mind the definition of d; and d2 we take

a + %dla’ + %dia +a(x)a’=0 (4.4)

iﬁ” —2d,B" +dyB +a(x)B =0 (4.5)
Where we let,
aCx, 1) = T nmo G () (/)™ (e/4®)" = A(x, ¢/, 8/ 1?) (4.6)
B, 1) = T o b () (/)™ (/)" = B(x, &/, ¢/u?) (4.7)

Substituting these results in (4.4) and (4.5) and then equating the like powers of the small parameter (¢/u) and (s/u?), we
get

a(X)am 10— 22k " A,k A1y ey k= oamkd1,1 k1

(@()bmn)’ = b1 — 2X3Z5(bm, kdy, )" + X526 bmidsy,_,

Thus, each amn and each a(x)bmn can be successively determined within the additive constants am, and bmn. In particular
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ago(x) = Ago

o1 (x) = —Ago fl 2G) (Z((Z;) ds + Ao

aso(x) = 249
boo(x) = %

_ 1| b(x) b(s)
b01(X) - a(x)| 2000 a?(x) + 000 fO a(s) (a(s)) ds + %01

blO (X) a(x) | (%x)), + 010|

Now
O = 40505 e) e 117 (550)
n
+ X neo b (O /)" (8/,2)
Since, A (10, €fu S/HZ) exp. Eflo d, (s, 8/,112) ds| is exponentially small, we select
00 = a(0)f(0)
Omn = _brln—l,n(o)
Which implies that bma(0)=0
Similarly
n
FO = Emeo A C/0)"™ (&2) + B (L% ) exp. | =2 13 (5,5/,2) ]

We choose, f(1)=ho; Amn=0, otherwise using the above results in the equation (4.2), we get

fe=fM1-5 1 o [%]’+§°+“']Xexp- [lff i (5:,2) ds]

HZ
- a(z)(i)m) [1+ g//.t ( bz((xx)) + Zggg;) 0 a(s) [Zg (fx)), - (%)l + - ]X exp. [‘%f: d; (S' g/uz) ds]
4.8)

Where g, p, a(s) and b(s) are the known functions.

V. UNIQUENESS AND EXISTENCE OF SOLUTION:
In this section, we prove the existence of the boundary value problem (3.15-16) has a unique.solution f(x).

Consider amn(X) and bmn(x) defined as, above in (4.6-4.7).

We set
F@ =] em@ )" (,2) | exp. fl e ) ds
m,nz0
" m.ZZO b (x)(g/ﬂ)m (E/MZ)n exp. _gj; d, (S' g/,uZ) ds| + (g/,uZ)NJrl Ty(X, 1)
m+nsN

Where T,, = 0(w) for x € [0,1]
Introduce z(x, 1) = pa(x)f' - b(x)f then equation (4.6) implies that

z(t) = z(0)exp. — %f f($)0(s, t,&,w)ds
0

—gj; a(s)h(s,u,&)ds

Where h(s,u,€) =1+ uz;(s) |b(s) — pa’(s)|

And

2 _ ! ’ t

0(s, t, e, 1) = b*(s) ~ pa (S);((:)) T ual)b'(s) exp. ‘—gf a(r)h(r,u, e)dr

0

Then
_ b(s) z(0) b() ut
fx)=(0Q exp< jl a(s)d> p jx a(t) (—Jt a(s) )Xexp.—;fo a(r)h(r,u, &)dr|dt
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! b(s) g
_fo ae) © (‘ft @d5> fof(S)B(s,t,e,u)ds dt
Which, by evaluating at x=0 implles that
_20 b(r)
uJg a(t)e P- ||< a(r)h(r we) +— e ) dt

= £(0) — f(1) exp.

b(s)
L a® |

1 1 (Ob(s)
mexp. (l_ift @ds> Lf(s)@(s,t,y,s)ds dt

1 1
4

Now we introduce

0(x, & 1) = J % o ( A ZES; ds) exp- (‘%fota(r)h(r 1 8)) dr|
fl a(lt) exp. ( fo a(rh(r, p € )+i%d |dt
And
fo(x) = f(Dexp. ( flx%ds) +Q(x, & 1) ‘y(o) y(Dexp. ( fl 28 )’

Hence, we have

f@) = o) + 5|1,

o (11 53 09) e [ e (53 05) ¢

5 F(6)60s, e, )ds.de
(5.1)

Equation (5.1) can be solved by successive approximation, we define

f; () =fo(x)+ﬂ—

o[ G ) et [Lem (G Z5)

Interchanging the order, the integration in (5.2) and taking estimate, we can prove that,
1£,G0) = fia | < % 1= = fi— ()| (5.3)

Where M is positive constant and ||.|| is supermom norm on [0,1]. Inequality (5.3) implies that the integral operator in (5.1)

1 t
mfo fi=1(x)0(s, t, &, Wds.dt

(5.2)

is contractive for (e/u?) sufficiently small. Thus f(x) = limit f;(x) exists for-all x € [0,1] for p sufficiently small and is
Jj—oo

unique solution of the boundary value problem.

V1. ASYMPTOTIC CONVERGENCE OF THE SOLUTION
Using the definitions of amn(X) and bmn(X), as defined in section (4.4), we have

eTy + pa(x) Ty — b(x)Ty = pCy (x, 1) (6.1)
Where Cn(x,u) is bounded. Moreover Tn(0,u) and Tn(1,u) are exponentially very small. The boundedness (Tn/u) follows
by the maximum-minimum principal argument.

Suppose Ty has a non-zero maximum at x € [0,1] then T, (§) =0 and T/ (§) < 0

Now
b(f) TN(f' ﬂ) S —é& TI\’I’ (fi M) - M a(f) TI(I(f' H) + b(E)TN(f’ ﬂ) S I'lCU Where CU = Jg}(]a)ﬁ CN (xP ‘Ll)
Hence, Ty (&, 1) < Ky, Where b, = min b(x) >0
by, x€l0,1|

Similarly, if Ty has negative minimum at x € [0,1] then
Ty(@)=0; TY(@E)>0= —bETy(Ep) <eTy(Ep) +ual®TH(E r) — bEOTY(E W) < uCy
Therefore,

uC

Ty 2 ==~
L

Since Ty is exponentially small at x=0 and x=1, we have
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Ty Cx, )| < yi—‘L’ for all x € [0,1]

Hence solution converges to a finite limit.

VIl. CONCLUSION

Verma [6] has proved that the free surface for seepage in a two layered soil with an inclined boundary is a falling surface
represented by an arc of rectangular whose concavity is downwards. But, because of our particular interest in analytical results, we
have applied a two-parameter singular perturbation method with variable coefficient. For definiteness we have assumed that the
permeability of both the layered is a function of (x, t), i.e., permeability of the layered vary at each and every point of the media as
time varies. We have discussed the solution of the problem and uniqueness and existence together with asymptotic convergence of
the obtained general solution. Also, we have showed here that when the slope of the inclined boundary is small and the flow rate is
sufficiently small, the free surface of water falls partly represented by St. line and partly represented by an arc of negative
exponential curve
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